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INTRODUCTION

The last semiannual status report (AST-4030-10Z-66U) was issued in

March 1966. Since an extension with (small) additional funds to December 31,

1966 (from September 1, 1966) had been granted, it had been decided not to

prepare a semiannual report covering the work from March 1, 1966 to

September 31, 1966 but rather in the interest of efficiency to issue a final

report. Recently, however, a proposal to NASA to continue and extend the

research involved, including the development of a prototype cold magnetic

balance and a demonstration of its feasibility, has been accepted in the form

of an extension with (considerable) additional funds of the existing grant. Con-

sequently, the present report may be considered as a status report covering

two semiannual periods.

The fol].owing four sections summarize the work to date and provide

a, hopefully, sound base on which the decisions relative to the prototype cold

balance may be made. It should be noted that the important design decisions

will result from a meeting of minds of the Langley Research Center and

University of Virginia personnel involved in the project.



:i iii¸ SECTION I

COIL CONFIGURATION DESIGN

The March 1966 semiannual status report presented some preliminary

coil configuration designs and indicated the methods by which a reasonably

optimum design, given performance and operating specifications, could be

achieved. The reader is referred to the March 1966 status report for a

discussion of the types of coil configurations (tan -1 Q2, tan-lQ_, and tan-l_

drag augmented systems) which are pertinent to balance design. Two types

of calculations have been involved in the current studies.

First, for each of the coil types (e.g., tan-l_ gradient coil, Z force

coil, etc. ) the basic calculation of field and/or field gradient at the symmetry

point (sphere position) with a characteristic length in the geometry set equal

to 1 cm has been extended to an adequately wide range of values of a parameter

related to the size of the coil. The preliminary calculations had not covered

a sufficiently wide range of coil sizes. Additionally, calculations were made

for gradient and/or main field coils to fit in the space between the wind tunnel

wall and the gradient coils (which had not been incorporated into the preliminary

design. Of course, these results for a single absolute coil size (constant value

for one characteristic length in the coil geometry) may be easily scaled to any

absolute size for non-ferromagnetic cored coil configurations. The philosophy

of designing for non-ferromagnetic cored systems is retained and thus leaves

for future consideration (or as a factor of safety) the increase of performance

to be realized by judicious use of ferromagnetic cores (Princeton experience

indicates a gain of 2-3 is possible).

Secondly, and perhaps more importantly, these basic calculations have

been used in systematic studies of the relationships between the various balance

and performance parameters. Some of these relationships, especially those

corresponding to constant relative geometry, can be rather easily predicted;

others are not so apparent.



Figures 1-18 show plots of the field or the field gradient at the

symmetry position for single coils of the various types. For each some
characteristic length (defining an inner geometrical limit) is set to 1 cm.

and the current density (uniform over the coil cross section) has been set

to J = 1000 amps/cm z. The scaling rules allow one to scale to different
sizes and different current densities. The parameter A appearing in

some of the figures is a parameter which determines the size of the coil

(with a constant characteristic length). Specifically for gradient coils the

outer boundary of the cross section is defined by

p = A{sing_) _/3

and A is, in units of the characteristic length, the maximum distance from

the symmetry point (at # = it) of the contour for which at constant power

maximum field gradient is produced (Gradient-Power contour). Similarly,

for a field coil the outer boundary of the coil cross section is defined by

p = A(sin_) I/z

and A is, in units of the characteristic length, the maximum distance from

the symmetry point ( at _ = lr/2) of the contour for which at constant power

maximum field is produced (Field-Power contour).

In both the tan-1_ and tan-l_/_ systems there is an annular space

between the gradient coils and the tunnel wall and symmetrical about the

symmetry plane in which either z force gradient coils or main field coils

may be placed. For the tan-1%/_ system the space if fairly large; for the

tan-l_ system the space is relatively small. Figures 3, 4, 5, 6 and 10,

11, lZ, 13 (for tan- !_/_ and tan-l_ respectively) show gradients and fields

(and volumes) of the symmetry plane coils on the basis that the most appropriate

part of the space for gradient coils (on the appropriate side of the Gradient-

Power contour) is used for gradient and the rest of the space is used for main

field coils.



For the tan-l_ system a use of this symmetry plane space for coils

is a matter of total system decision since it prevents a direct, straight line

observation of the model through the coil configuration in the symmetry plane.

For the tan-l_]_ system, the symmetry plane space, though much smaller,

probably cannot be used for any other purpose.

It should be noted that the basic calculations represented by these

eighteen figures allow easy, rapid calculations of specific coil configurations.

Given the appropriate performance and operation specifications, a handy

slide rule and 15 minutes of time can produce a corresponding coil configuration.

To effect a systematic study of parameter relationships, a program was

written to calculate series of coil configurations. Input data were gradient coil,

drag augmented gradient coil, and main field coil current densities (Jl, Jz, J3),

3-D force to sphere weight ratio, drag augmented force to sphere weight ratio,

the sphere density, and the wind tunnel radius. The magnetization of the sphere

M was taken as M = 3B/47r, corresponding to high saturation magnetization

material (e.g., iron), and the designs were calculated by stepping B from

1500 gauss to 15_000 gauss by increments of 500 gauss. The program calculated

the various exclusion radii and scaled the coils appropriately. Two versions of

the program were used for the tan-_]_ and tan-l_]_ systems. The basic single

coil calculations were made available to the program by a tabular interpolation

method.

Calculations were made for all force to sphere weight ratios of 10,

current densities (J1 = Jz = J3) ranging from 500 amps/cm z to 10,000 amps/cm z,

and nominal tunnel radii ranging from 6 cm to 60 cm (tunnel diameters 4-3/4 '_

to 4'). With the cold balance in mind, power and weight are calculated on the

basis of A1 at 20°K(resistivity of 1.7× 10- 9ohm- cm and density of 2. 7 gm/cm3).

While the studies have not been exhaustive, it is believed that the important

trends have been found. It should be noted that from the calculations made in

this way (specifically, M proportionalto B) designs appropriate to a fixed M

(effectively saturated M, e.g., a ferrite) can be extracted simply by looking

at the results for an appropriate constant B. Since program difficulties limited
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results for the case of symmetry plane space being used partly for Z force

gradient coils and partly for main field coils, and since in the tan-l_ system

little can be gained by so splitting the use of the symmetry plane space, the

tan-1_/_ results used in the following summary correspond to the entire

symmetry plane space being used for field coils.

A. As expected, from the earlier studies, the tan-1_r_ system even

with the use of the symmetry plane space is inferior in performance (by about

I0% in power) to the tan-1_ system. Thus, there seems to be no doubt that

the tan-l_J_ system ought to be used for the magnetic balance.

B. For the Iron Case (a term we shall use to designate the high

saturated magnetization, M proportional to B operation) at constant tunnel

radius and force capacity a minimum occurs in the total power vs. current

density dependence (power minimized with respect to B, hence M at each

current density)_ This minimum of B-optimized power occurs at a relatively

low current density° Figure 19 shows the result for the 8 cm radius tunnel

(tunnel diameter nominally 6. 3" and a prime prospect for the prototype), and

that the minimum occurs at about 1200 amps/cm z. As the tunnel size increases

the current density for minimum B-.optimized power decreases somewhat.

Figure 20, again for the 8 cm radius_ shows total coil weight vs. current

density for the B-optimized configuration. Inspection of figures 19 and 20

shows that a possible trade off between power and coil weight (hence bulk

and size) exists. For example, going from "* 1200 amps/cm z to 2000 amps/cm z

increases the power by about 12% and decreases the coil weight by a factor of

3. More dramatically_ going from J_- 1200 amps/cm z to 7000 amps/cm z

increases power by about 2 and decreases the coil weight by a factor of about-

20. 15 is thus apDarent that the current density at which the system may

be operated has a very large influence on balance design.

C. For the Ferrite case (a term we shall use to designate the low

saturated magnetization, hence fixed B mode of operation) at constant

tunnel radius and force capacity, the total power vs. current density curve



exhibits a very flat minimum which shifts to lower current densities as the

fixed B decreases. Figures 21 and 22 show total power and coil weight vs.

current density for 8 cm radius and for {respectively) B = 1500 gauss and

B = 2500 gauss {M'-, 360 gauss and 600 gauss)° Of course, the power and

weights are smaller in the latter case since the gradient required for agiven

force varies inversely with the sphere magnetization. Obviously, the feature

of trading a little power for a large weight reduction by an increase in

current density is, if anything_ more prominent here.

D. An interesting comparison of the Iron and Ferrite cases is shown

in figure 23 in which the log of the ratio of total Power at a variable tunnel

radius to the power at a 6 cm radius taken as a reference is plotted against

the logarithm of the ratio of the tunnel radius to 6 cm. For the Ferrite case

B = 2500 gauss and J = 2000 amps/cm z and for the Iron case J= 2000 amps/cm z

and the power is optimized with respect to B. The figure clearly shows the

slower approach of the Iron Case to the large size limit of scaling as the cube

of the scale factor. Moreover, it shows that at a four foot tunnel radius the

B = 2500, J = 2000 Ferrite case is scaling (locally) as the cube of the scale.

The qualitative aspects of the above summary may be understood quite

well from the scaling laws_ the studies have served to quantify them. Probably

of more importance the studies have focussed attention in a more quantitative

way on two important, exceedingly important, aspects of magnetic balance design.

First, for the (engineeringly) rotationally free mode of operation _the

Ferrite case) the value of the saturated magnetization attainable is of pertinent

importance. One expects to find that, as the saturated magnetization of a sphere

material increases, the losses and hence the torques due to rotation about an

axis perpendicular to the main field will increase. Thus arises the very

important question: How much balance damping can be tolerated? Effort in

the area is already underway and the quite favorable but preliminary indication

is that a material more lossy than the typical low-loss ferrite may be acceptable.

Second, the gain, especially in total coil weight at the larger sizes, to

be achieved by operating at the higher densities indicates the great importance



of arranging efficient cooling. This aspect of the design interacts strongly

with the capital investment and operating cost of the refrigeration system,

as well as directly on the details of the coil configuration and support designs.

As indicated in earlier reports, the present thought is to avoid a major effort

in the area of cooling efficiency, but it is apparent that it may become a major

concern in the mature stages of a successful cold magnetic balance develop-

ment.

It should be noted that the design studies are continuing. One

interesting and perhaps important idea which is being investigated is that of

designing coils which carry varying currents for a higher current density

than those which carry steady currents.
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SECTION II

CONTROL SYSTEM

The control system and current source for the balance must meet

several requirements. They must scale easily to the large powers required

for a large tunnel. The closed loop response of the balance must be easily

modified so that the characteristics of the balance may be tailored to the

experiment in progress. This requires that the gradient coil current control

system be fast enough that it will not be a barrier to achieving the desired

overall balance performance.

All these requirements suggest a switched system for the current

control. Scaling to large power willbe less of a problem with a switched

system. Since a fast control is required, a time optimal control law is the

logical choice. This is the control law which reduces current error to zero

in minimum time, i.e., using a bounded control, there is no other control

law which will produce a faster response. For the current controls, the

time optimal strategy is quite easy to understand. If it is desired to increase

the current flowing in a coil one applies the maximum allowable voltage until

the desired current is reached and then the appropriate voltage to maintain

this current is applied. Using a time optimal current control will make it

easier to construct a desired response for the entire balance. Should a time

optimal control law be desired for the balance itself, having already con-

structed a time optimal current control as a subsystem will not be incompatible

with the overall control.

The requirement for scaling to large power suggests the use of a

controlled rectifier-inverter. Either silicon or mercury controlled rectifiers

would be satisfactory. The SCR's appear to be the much better choice. They

are more compact, faster, and handle high currents easily. The only real

advantage of mercury rectifiers is that they recover from voltage breakdown

while SCR's are destroyed.
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If we consider one spatial dimension and the gradient coil associated

with it , the system differential equations are:

d_x
m -ki,

dt z

L d____i = E(t).
dt

E{t) is the voltage applied to the gradient coil and k is the force per unit

current. The resistance of the coil is negligible for the purposes of a

dynamic analysis. The entire system can be represented schematically as

shown in Diagram 1. A power source to drive current through a gradient

coil in one direction is shown in Diagram 2. A similar network is required

for currents in the opposite direction. This network is for a single phase

power source. Multiple phase bridges are similar.

Input
C oL:rw O lltu_C u r r e:: dC ont rol

I_ I Power Source

1

Ls

1

m s 2

x

Diagram 1
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AC

Power

o

Diagram Z

L

To increase the current through L the diode pair (i) is fired during the entire

positive half cycle of the AC source and the pair (2) is fired during the entire

negative half cycle. To decrease the current through L while it is still flowing

in the diregtion indicated we fire the pair (i) at the end of the positive half cycle

and allow it to continue conducting almost to the end of the negative half cycle

when pair (7) is fired shutting off pair (I) and then pair (Z) conducts through the

majority of the positive half cycle. In this mode the energy stored in L is

being transferred back to the AC power source. Time average voltages between

maximum and minimum can be achieved by varying the firing angle for the two

arms of the bridge. The response of such a bridge is limited by the time for

i/2 cycle of AC power, the speed of the triggering circuitry, and the physical

properties of the rectifiers. The techniques involved in constructing such a

device are well within the current state of the art.

If the frequencies of interest in the control system are small with respect

to the frequency of the AC power source, the displacement response to the

undesirable signal (AC component) will be negligible. If this AC frequency is 5

times the highest system frequency, the AC response will be approximately 10 -3

times the desired response. The frequency of the undesired signal can be raised

by using a 3 or 6 phase system. The use of more phases also greatly reduces

the amplitude of the undesired signal and gives some improvement in the frequency

response of the power source. If a basic (input) AC frequency of 60 cps is £oo low,
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a motor generator set can easily supply the required AC power at a higher

frequency. Or a combination solid state frequency multiplier and current

control might be more economical.

The system described above uses the AC source to turn off the SCR's.

Another possibility under consideration is the use of SCR' s to switch power

from two DC sources. In this approach the turning off of the SCR's can be

accomplished much more quickly. The disadvantage of this approach is

that additional circuitry must be employed to turn off the SCR's. Fewer

SCR' s will be required to handle large powers so this approach may turn

out to be superior. The choice of power source is very closely tied to the

required frequency response of the balance.

In order to achieve a stable motion near the origin, i.e., when the

current is at its desired value, the bang-bang or switch will be replaced

by a saturable linear gain. Thus the control function

E = sgn x will be replaced by E ='(sgnx)(min(] a x I' i)), where

a is the linear gain_ and x is the desired current minus the actual current.

If a switched control is used for the displacement coordinates, a

similar scheme will be used. The result will be that for large disturbances,

the system will have essentially an optimal control law and there will be a

linear mode for small disturbances near the desired state.

The calculations to date have found the coil shapes but have not

specified the number of turns and thus the inductance and resistance. It

is easily shown that the response time for current (and thus force) in a coil

is proportional to the number of turns in the coil and the desired for(:e change

to be accomplished while it is inversely proportional to the exitation voltage.

Thus, from a control point of view, coils with a small number of turns will be

more satisfactory. The exitation voltage is limited in the voltage ratings in

SCR' s. A value of 400 volts leaves a reasonable safety factor here.

II



SECTION III

DESIGN OF LOW TEMPERATURE MAGNETS

A survey of the state-of-the-art in cryogenic magnet technology has

been completed. From this several guidelines for the design of the magnet

system were obtained.

A. General Coil Type:

Since high current densities are desired and simplicity of design and

operation are important, the choice is reduced to supercooled and super-

conducting magnets. It is felt at this time that a hybrid system consisting

of superconducting DC magnets (field coils and drag augmentation coils) and

AC supercooled magnets (gradient coils) should offer an attractive Combination

of desirable features. Superconductors result in minimum expenditure of

coolant, although their use restricts the choice of operating temperature to

that of liquid helium. Not enough is known at present about AC performance

of superconducting magnets. It is quite probable that for AC operation

complete stabilization would be required and losses would be those corresponding

to the stabilizing material. Thus it makes more sense to approach the

problem with an optimum design of low resistivity coils. Furthermore, it is

felt quite strongly that in a prototype system as this it will be beneficial to

acquire experience with both types of magnets, particularly since this

application to magnetic wind tunnel balances poses several new technological

questions that will only find satisfactory answers in the laboratory.

B. Coil Material:

For supercooled coils, aluminum of high purity (99. 99% or higher) offers

the best combination of low resistivity in the presence of magnetic fields, low

specific weight and moderate cost. Experience of other workers in the field

suggests that large cross sectional area results in more efficient cooling

allowing higher packing fractions. Large cross sections will also result in

lower inductance, a desirable feature for fast modulation of the coil current.
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For the superconducting coils there is a wide choice of materials

because the maximum magnetic fields will be quite moderate {10-20 kilogauss).

It is anticipated that the price will be the deciding factor in this case.

C. Cryogenic Considerations :

For the sake of simplicity of design it appears desirable to have all

magnets in a common dewar. This means a single coolant operating at or

around liquid helium temperature. Recent publications in the field of super-

conducting magnet cooling clearly point out that utilization of liquid helium

latent heat of vaporization represents only a lower limit in heat transfer

capability in the 4°K temperature range. Appropriate design of return

passages for the helium vapors can significantly decrease the rate of helium

evaporation, particularly around the current leads. Supercritical helium

(4. P°K, 100 atm.} has very recently been proposed as an ideal heat transfer

medium. This problem is presently receiving considerable attention from

us since lower coolant consumption represents increased testing time and

lower operating cost.

D. Current Density Levels:

An important design parameter is the maximum current density

tolerated by the windings on a steady state basis. In fact this parameter

will determine the all important question of coil size for specified magnetic

field intensities and gradients. A summary of figures quoted by different

workers in the field is given in Table 1. Effective current density is obtained

by multiplying the value quoted for the conductor by the coil packing fraction k.

It is interesting to note that the value of k is about 0.5 for magnets cooled

by boiling heat transfer. The magnet reported by the Boulder group was cooled by

forced connection with a gain in k of about a factor of 2.

13



Table i

Group Coolant Coil Material _ Jmax' A/cm2

NASA Lewis Liq. Neon 99.998_ AI 0.40 6.0 x 103

N.B.S. Boulder Liq. Hydrogen 99.998_ AI .90 9.0 x 103

U. Cal. Los Alamos Liq. Hydrogen Pure Copper .48 1.0 x 104

CRTBT Grenoble Liq. Nitrogen Copper .46 2.7 x 103

GDL Princeton Water Copper .62 5.6 x 102

A representative value for superconducting coils is 104 A/cm 2. It should be

noted that the quoted figures for current density of cryogenic magnets are

substantially higher than the value 103 A/cm 2 assumed for both water cooled

copper and 20°K aluminum coils in the sample calculation presented in the

last progress report. Thus a considerable saving of conductor weight and

consequently_ of required coolant can be e_fected and even greater flexibility

in the choice of power level and conductor size is possible.
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SECTION IV

STABILITY ANALYSIS APPLICATION

Since it is a goal of the cold balance prototype program to demonstrate

the feasibility of the 3-D magnetic balance method of investigating dynamic

stability, indeed since this application is perhaps the most important potential,

it is pertinent to the program to make a serious and detailed analysis of how it

is to be done, including best possible estimates of the accuracy which may be

attainable. Effort in this area is already underway, and the purpose of this

section is to report the (relatively few) initial conclusions.

The initial work has been rather fundamental in character and has

proceded along the following lines. The three dimensional motion of a rigid

body subjected to varying external moments is a complicated problem.

Fortunately the problem involved here, the inverse problem corresponding to

"given the motion, what are the moments, " is in principle considerably simpler

than the direct problem, "given the moments, what is the motion. " In the direct

problem one is faced with the necessity of solving a complicated set of (in some

cases at least importantly nonlinear) differential equations. In the inverse

problem, ideally the body characteristics and the motion as a function of time

are known and the describing equations reduce to a set of algebraic equations

for the forces and moments. Of course, when the dependence of the forces and

moments on the motion variables becomes complicated the problems of solution

and interpretation are not trivial.

In the usual formulation of the equations of motion of a rigid body of

fixed mass distribution, the motion of the body is described in terms of a

translational motion of a reference point fixed in the body and a rotation of

the rigid body about that reference point. The translational equation of motion

reduces to the simple form

dz-_,

_ext = m ._____c_c
dtz
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where the left member is the sum of the external forces acting on the body,

m is the mass of the rigid body, _c is the position vector of the center of

mass of the rigid body referred to an inertial reference frame from which

the observations are made. In other words, this simple form results when

the reference point fixed in the body (used in describing the motion) is chosen

to be the center of mass; with any other choice ( -@_ the position vector of a

reference point other than the center of mass) an additional term appears in

the translational equation of motion.

In a similar fashion, the rotational equation of motion reduces to

_a dL -_ __ {_ -_i)= -- - L= ]g m. PiX XMext dt 1

where Mex t is the sum of the moments of the external forces about the

reference point, L is the total angular momentum of the system about

the reference point as observed from the inertial reference frame, and

the reference point is either {a) a point in the body fixed in the inertial

reference frame (rotation about a fixed point) or {b) the center of mass

of the body. Again if the reference point satisfies neither of these two

conditions, the rotational equation of motion contains additionai terms.

In the most general mode of operation of the 3-D magnetic balance,

the magnetic sphere embedded in a non-magnetic model will not be at the

center of mass of the model and the sphere center will not be a fixed point

(e.g., the sphere center can be oscillated laterally in an attempt to

disentangle Crn _ and Cmq). Since the balance control system involves

a subsystem to sense the position of the sphere center, one expects the

directly observed motion to be the translational motion of the sphere center

and the rotational motion about the sphere center. Thus the question

arises as to whether it is more convenient to choose the center of mass

as the reference point and therefore have the simpler equations of motion

and to transfer the observed motion to the center of mass, or to use the

sphere center as the reference point accepting the more complicated

equations of motion but having the observed motion apply directly.

16



At the outset, two generalities may be stated. First, from the point of

view of describing the motion by using a fixed inertial reference frame and a

second reference frame (in general) translating and rotating with respect to the

fixed frame, it is obviously more convenient to choose the moving frame in

such a way that the moment of inertia tensor of the body, referred to the moving

frame, has constant elements. [Time varying inertial parameter is too much!]

For the non-axially symmetrical body this means fixing the moving frame to the

body. For the effectively axially-symmetrical body a single degree of freedom

of body with respect to moving frame is permissible, even convenient, e.g.,

the non-rolling aeroballistic moving frame used for missile configurations.

Secondly, it is easy to show (either intuitively or analytically) that in

describing the general motion, translation and rotation, of a rigid body using

a fixed inertial frame and a moving frame fixed in the body, the angular ve.locity

that results is, for a given motion of the body, independent of the choice of the

reference point (i.e., the point in the body chosen as the origin of the moving

frame). Thus, for our problem, the angular velocity about the sphere center

is the same as the angular velocity about the center of mass, and the angular

velocity transfers directly.

To develop the general case for the application considered here, let

us assume or define the following:

o t x t yt z w

sxyz

-,,£

Pi

"qi

._£

Ps

- a fixed, inertial reference frame

- a moving frame attached to the body (the origin S is to be

the position of the center of the magnetic sphere)

- position vectors referred to the inertial frame x wyw z w

of respectively, the point S, the center of mass of

the body C, and a mass element m, of the body

. with respect to the mass center- the position vector of m I

C

- the position vector of m. with respect of the sphere
1

center S

- the position vector of S with respect to the mass center

C(--_ is the position vector of C with respect to S)o
S

17
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Then _ m ipi = 0 and Zm.1 _i = -mPs where the sums are taken over all the

mass elements of the body, m is the total mass of the body, and the minus

sign in the second- equation appears because of the way Os is defined. Further

_i = Pi- Ps

l$ I ,-_

ri =-_ +'_i and _r_ :-_s + _i

-_ -'_ and "_follow from the definitions. Since Ni' Pi' s

frame (written in terms of components in the xyz

usual expression

are referred to the moving

frame) one can derive the

d 6 -_
- +u_x

dt 5t

where ¢0 (also expressed in terms of components in the xyz frame) is the

angular velocity of the moving frame and 6/6t is the time rate of change as

observed by an observer fixed in (and rotating with) the moving frame, e.g. ,

for

Pi = x.1 i + yij + z.kl (i,j,k unit: vectors inx, y, z)

then

6 Pi dx. dz1 dYi "
--= --i + --j+ I6 t dt dt _ k.

Writing Newton' s second law for the

F. _- m.

1 1

,
1

dt z

.th
i mass element
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summing over the body, noting that the internal forces disappear,

Fext = T.F. = Z m.1 1

dZ'_!
1

dt z

.-%

and replacing "_ by -_ + *li, one gets

d_r ' dZ_i dZ_ ' d z
...I S

Fex t = E m. ( us + --)= m -- + -- (E m i _i )
1 dt z dt z dt z dt z

Fext

d Ps
: m m'--

dtz dt z

This translational equation could have been derived from the usual result

(when the reference point is chosen to be the center of mass) by noting that

"_' = @' - Ps" Thus it corresponds directly to the usual theorem concerning
C S

the motion of the center of mass of a system. Here, however, with the

reference point not the center of mass the additional term appears unless

d psz-_ / dt z is zero.

To develop the rotational equation of motion one must look at the

angular momentum. By definition the angular momentum about c, the

mass center is

d_r' d_' d'_i_.% 1 .-_ 0

:Z m. p X _:E m. p X (_ +
c z i dt 1 i dt dt '"

For our case, the body is rigid, the moving frame xyz is fixed to the body

so that the 6/ 6 t portions of the time derivatives of -_ _s and _i arePi'

zero giving

d_i _X "_ dPs _ X-_s , and --_--='_X Tlid--T- = P i' d'-_ :
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Thu s,

__ c_r I

Lc : _ miPi X X Pi) + _ mi Pi )X at

or

L =_:m pi × (_ ×.ac i Pi )'

the usual expression for the angular momentum about the mass center.

By definition, the angular momentum about S is

d_r!

L =Z X
s mi _i dt

Rearranging as follows,

.a d_' d_i
cs 1 i s dt dt

d_r' d_'

c _ mi__i X _____c __a(7.mi_i)X _ + (_X_i)-(Grni)-_sX dt Ps

.a )_ PsX( m c= Z m.1 Pi X X Pi --_--)

one sees that

ang. morn. about S = ang. morn. about C + moment of linear moment

of c.m. about S.
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Rearranging differently,

._ -_ c_r s' d_i

L =T_ m.*liX (-_-+--)s _ dt

d_r !
_.% .-% s

"_ ) +Z m._i×= Z m.1 Bi X ('_ X _i 1 dt

d_t !

L : Z m _iX(-_ X ,i ) .a Xs i - mp s dt

Note that in this case that the quantity • m. _li × (_ X _i ) is not the angular
1

-" = O,momentum about S unless Ps X dt is zero {i.e., unless Ps

and d_r_/dt are parallel). Nevertheless, it is the= o, or ps
quantity which is analogous to the usual expression for the angular momentum

about the mass center and may be written in terms of moments and products

of inertia about S and the components of the angular velocity.

The rotational equations of motion may be attained by differentiating

the original expression for the angular momentum about S:

- " d r'
dL d*li 1 _a i

----_-s =IE m. X --+]E milli X
dt i dt dt dt z

dZ- ! .a
1

From the second law m. -- = F. and if one assumes (as usual)
I dtz i

the colinearity of the 3 rd law pair internal forces, the last term reduces

to the moment of the external force about S.

-_ -_ d_' d_ i __d_i s
dLs =_£ m. --× ( -- + --) + M
d---_ 1 dt dt dt ext

md_p s d_r' __
_ X__.i_+M

dt dt ext
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or

_._ d_ s md-_p s d_r'

Mext- _ + d-t × dt

Substituting for L from the above, one gets
$

Mext

c_r !

=_tt[_ E __ -_ d .._ smi,li X {'_ X ,li)]- m--_-- [ p s X -_--'] +

s--_ d [_1 mi X X )]- m P s X
Mex t = --_ Tli _i dt z

m T X dt

In summary then, if the center of mass is chosen as the reference

point, the equations of motion are

dZ@,
--_ C

I. Translational F = m
ext dtz

II. Rotational M
ext

d [ Z -_ X {'_ X pi )]= d-_ miPi

If the sphere center S is chosen to be the reference point, then the equations

of motion are

.__ dZ_ s dZ_ s

III. Translational Fex t = m dt m dtz

d_r ,

{_ __ __ s- d [Z x x
IV. Rotational Mext = d--_" miqi - mPs dtz

In both cases the sum of the external forces, Fext, includes the

aerodynamic forces, the gravitational forces, and the balance forces {acting

at the sphere center). In the mass center case {I and II) Mex t includes the

aerodynamic moments about c and the moments about c of the balance forces.
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In the sphere center case (III and IV) Mex t includes aerodynamic moments

about S (in general somewhat different from those about c) and the moment

about S of the weight of the model, but does not, ideally, include any moments

due to the balance. The right sides of the two translational equations require

for this evaluation precisely the same input data, the acceleration of the mass

center. The right sides of equations II and IV are significantly different. The

right side of II requires the inertial parameters about c and the component

of 0_ and ; for IV one requires the inertial parameter about S, the com-

ponents of _0 and _0, Ps' and the acceleration of S.

Thus, from the point of view of reducing data to attain information about

the aerodynamic forces and moments, it appears that (1) the translational

equations for the cases involve identical processes, and (Z) the rotational

equations involve different processes which may or may not be practically

significant. In the mass center case (II), -_Ps and the balance forces must

be used to find the balance moments about c. In the sphere center case

(Iv)-Ps and the model weight must be used to find the moment of the weight

about S and Ps and the acceleration of S must be used on the right side.

One could suspect that the accuracy to be obtained might be related to the

magnitudes of the various terms. Indeed, one could speculate that it is

desirable to use both approaches for a confident reduction of data.
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GUIDE TO FIGURES

Figures 1 through 18

Correspond to single coils of type indicated

Current density is 1000 amps/cm z

Fieid in units of gauss

Gradient in units of gauss/cm

Volume in units of cm 3

Characteristic length, which is set equalto 1 cm,

a)

b)

is

tunnel radius for tan-l_

and symmetry plane coils

gradient coil (tan-1_ or
Z-force coil

and tan- 1_]_ gradient coils

tan-l_) exclusion radius for

Z-force exclusion radius for main field coilsc)
Inner boundary of main field coil section is circular about

symmetry point

Figures 19 through Z3

Correspond to entire drag augmented tan-l_]_ system

All force capacity to sphere weight ratios are 10

Iron sphere is assumed

Figures 19 and Z0: at each current density totai power is

minimized with respect to the main field B. (M = 3B4_r

TunneI radius is 8 cm

Figures Zl and ZZ: Constant B (1500 and Z500 gauss),

to ferrite case, tunnel radius is 8 cm

Figure Z3: Total power vs.

case and a ferrite case

corresponds

size, non-dimensionalized, for Iron
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